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AN EXAMPLE OF SCHWARZ MAP OF REDUCIBLE 
HYPERGEOMETRIC EQUATION E 2 IN TWO VARIABLES 

KEIJI MATSUMOTO, TAKESHI SASAKI, TOMOHIDE TERASOMA, 

AND MASAAKI YOSHIDA 


Abstract. We study an Appell hypergeometric system E 2 of rank four which is re¬ 
ducible and show that its Schwarz map admits geometric interpretations: the map can 
be considered as the universal Abel-Jacobi map of a 1-dimensional family of curves of 
genus 2. 
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Introduction 


Schwarz maps for hypergeometric systems in single and several variables are studied 
by several authors (cf. [Yo]) for more than hundred years. These systems treated were 
irreducible, maybe because specialists believed that reducible systems would not give 
interesting Schwarz maps. 

We study in this paper Appell’s hypergeometric system E 2 of rank four when its pa¬ 
rameters satisfy a — c G Z or a — c! G Z. In this case, the system E 2 is reducible, and has a 
3-dimensional subsystem isomorphic to Appell’s E\ (Proposition [L3]). If a — c, a — c! G Z 
then E 2 has two such subsystems. By Proposition [T75l the intersection of these subsystems 
is equal to the Gauss hypergeometric equation. As a consequence, we have inclusions on 
E 2 , two Eis and E (Theorem 12.4|) . 

We give the monodromy representation of the system E 2 which can be specialized to 
the case a — c, a — c' G Z in Theorem 13.101 As for explicit circuit matrices with respect 
to a basis Ai,..., A 4 , see Corollary 13. 121 

We further specialize the parameters of the system E 2 as 



in In this case, the restriction of its monodromy group to the invariant subspace 
is arithmetic and isomorphic to the triangle group of type [3, 00 , 00 ]. We show that its 
Schwarz map admits geometric interpretations: the map can be considered as the universal 
Abel-Jacobi map of a 1-dimensional family of curves of genus 2 in Theorem 14.11 

The system E 2 is equivalent to the restriction of a hypergeometric system E( 3, 6; ai,..., a 6 ) 
to a two dimensional stratum in the configuration space X(3,6) of six lines in the pro¬ 
jective plane. In Appendix [Aj we study a system of hypergeometric differential equations 
in three variables, which is obtained by restricting E(3, 6; a \,..., a§) to the three dimen¬ 
sional strata corresponding to configurations only with one triple point. The methods to 
prove Proposition 11.31 are also applicable to this system under a reducibility condition. 

In Appendix [Bj we classify families of genus 2 branched coverings of the projective line, 
whose period maps yield triangle groups. 

In a forthcoming paper [MI], we study this Schwarz map using period domains for 
Mixed Hodge structures. Moreover, we explicitly give its inverse in terms of theta func¬ 
tions. 



where (a, i) = a(a + 1) • • • (a + n — 1), admits an integral representation: 



The function z = F is a solution of the hypergeometric equation 

E(a, b , c; x) : P(a, 6, c; x)z = 0, 
















where 
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P(a, b, c; x) = D(c — 1 + D) — x(a + D)(b + D), D = x—. 

ax 


The collection of solutions is denoted by S(a, 6, c; x). 
Appcll’s hypergeometric series 


i,j =o 


(c,i+j) i\ j! 


admits an integral representation: 


r (a)r(c a ) Fi ( a ^ b ^ b ^ c . x ^ y ^ = f t a i(i -t) c a X (1 -tx) b (l -ty) b 'dt. 
r(c) J 0 


E\(a, b, b\ c; x, y) : 


The function z = F\ is a solution of the hypergeometric system 

(D(c - 1 + D + D') - x{a + D + D'){b + D))z = 0, 

(D\c - 1 + D + D')-y(a + D + D'){b' + D'))z = 0, 
where D = xd/dx, D' = yd/dy, which can be written as 

Pi (a, b, b' , c; x, y)z = Qi(a, 6, 6', c; x, y)z = Pi (a, b, b', c; x, y)z = 0, 

where 

Pi(a,b,tf,c-,x,y) = x(l - x)d xx + y( 1 - x)^ + (c - (a + b + l)x)d x - byd y - ab, 
Qi(a,b,b',c-,x,y) = y{ 1 - y)<9 ra + x(l - y)d yx + (c - (a + 6' + l)i/)9 y - b'xd x - aft', 

Pi (a, b, b\ c; x, y) = [x - y)d xy - b'd x + bd y , 

and d x = d/dx, etc. The last equation Ri(a,b,b > ,c;x,y)z = 0 is derived from the inte- 
grability condition of the first two equations. The collection of solutions is denoted by 
Si(a,b,tf,c-,x,y). 

Appell’s hypergeometric series 


Elia, b, b', c, d\ x, y) = ^ 


i,j =o 


(a,i+j)(b,i)(V,j) 
( c,i)(d,j) i\ j\ 


x l y 3 


admits an integral representation: 

r(b)r(b')r(c-b)r(c' -b') 


r(c)r(c') 


x F 2 (a,b,b',c,c';x,y) 


ff 


s b ~H b -^l - s ) c - 6 -!(i _ t y -b -1(! _ sa; _ ty)~ a dsdt. 

The function z = F 2 satisfies the system 

E 2 (a, b, b', c, d\ x, y) : P 2 (a, b, b' , c, c'; x, y)z = Q 2 (a, b, b', c, d\ x, y)z = 0, 

where 

P 2 (a, b, b', c, d ; x, y) = D(c — 1 + D) — x(a + D + D'){b + D), 
Q 2 (a, 6, b', c, c'; x, y ) = D\d - 1 + D')-y{a + D + D')(b' + D). 
The collection of solutions is denoted by S 2 (a, 6, bj c, d\ x, y ). 
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1.1. Reducibility conditions for E 2 and E\ . As for the reducibility of the systems E 2 
and Ei, the following is known: 

Fact 1.1. ( [Bod] ) Appell’s system E 2 (a,b,b',c,c') is reducible if and only if at least one 

°f 

a, b, b 1 , c — b, d — b', c — a, d — a, c + d — a 

is an integer. 

Fact 1.2. ( [MS] ) Appell’s system Ei(a, b, b', c) is reducible if and only if at least one of 

b + b' — c, b, b', c — a, a 


is an integer. 


1.2. System E 2 (a, b, b', c, c') under a = c'. The system E 2 (a, b, b', c, d) is reducible when 
a = d, Fact 11.11 In fact, we see that the system Ei(b,a — b',b',c) is a subsystem of 
E 2 (a, b, b', c, a); precisely, we have 


Proposition 1.3. 

(1 - yY b 'S 2 [a,b,H,c,a\x, D s i( b , a ~ ti,b',cr,x,x{ 1 - y )). 

We give three “proof”s: one using power series, Subsection 11.2.11 one using integral 
representations, Subsection II. 2. 21 and one manipulating differential equations, Subsection 
11.2.31 The former two are valid only under some non-integral conditions on parameters, 
which we do not give explicitly. Though the last one is valid for any parameters, it would 
be not easy to get a geometric meaning. 


1.2.1. Power series. The following fact explains the inclusion in Proposition 11.31 
Fact 1.4. pj p. 80]. 

(1 - yY b> F 2 ^a, b, b', c, a; x, ~Y~^j = a “ b> > b ' > c ! x(l - y)). 

1.2.2. Integral representation. We consider the integral 

I = f f s b ~ 1 t v ~ 1 (l — s) c_fc_1 (l — t) c '- bl ~ 1 ( 1 — sx — ty)~ a dsdt, 


which is a solution of the system E 2 (a, b, b', c, d\ x, y ). We change the coordinate t into r 
as 


Nt 


T = 


1 — sx — yt 


, N = 1 — y — sx, 


which sends 

The inverse map is 

Since 


1 — sx 

t = 0, 1, - to r = 0, 1, oo. 


t = 


V 

1 — sx 


D 


r, D = yr + N. 


(1 — r)N (1 — sx)N (1 — sx)N 

1 — t = - -—-, 1 — sx — ty — - -—-, dt = -—- dr + *ds, 


D 


D 


D 2 


we have 

I = [[ s b -\l - s) c ~ b -\l - sx) b '- a N c '- b '- a • t 6,_1 (1 - r ) c '- fc '- 1 • D a ~ c 'dsdr. 
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This implies, if a = c', then the double integral above becomes the product of the Beta 
integral 


r b ' X (1 — r 


ic'—b'—l 


dr 


and the integral 

J = [ s b ~\l-s) c ~ b -\l-sx) b '- a N c '- b '- a ds 


= (1 - y)~ b ' / s 6_1 (l - - sx) b '~ a I 1 - 


\b' —a 


X 


i - y 


~b’ 


ds, 


which is an element of the space (1 — y) b ' Si(b, a — b' , b ', c; x , x /(1 — y). This shows 
S 2 (a, b , b', c, a; x, y) D (1 — y)~ b> Si (b, a - b ', b', c; x, , 

which is equivalent to 


(1 - y) ^'S’a ( a,b,b',c,a]x, 


y 


1 - 2 / 


D Si(b, a — b', 6', c; x, x(l — i/)). 


The bi-rational coordinate change (s, t) —>• (s, r) is so made that the lines defining the 
integrand of the integral ff ■ ■ ■ dsdt may become the union of vertical lines and horizontal 
lines in the (s, r)-space. Actual blow-up and down process is as follows (see Figured]). 
Name the six lines in the st-projective plane as: 

£i : s — 0 , £ 2 '■ t = 0 , £3 : s = 1 , £4 : t — 1 , £ 5 : 1 — sx — ty = 0 , £ e : 00 . 

Blow up at the 4 points (shown by circles) 

£ 2 n£ 5 , £ 4 n£ 5 , 4nf 3 n4 = 0:i:0, £ 2 n£ 4 n £ 6 = 100 , 

and blow-down along the proper transforms of the line £q and two lines: 

25' : 1 — sx and 45' : N = 1 — y — sx; 

these three lines are dotted. This takes the sf-projective plane to P 1 (s) x P 1 (r) . In the 
figure, lines labeled 1,2,... stand for £ 1 , £ 2 ,..., and the lines labeled 25,45, 246 on the 
right are the blow-ups of the intersection points £ 2 fl £ 5 , i 4 fl £ 5 , £ 2 fl £4 fl £ 6 , respectively. 
The line obtained by blowing up the point £1 fl £ 3 fl £ 6 = 0 : 1 : 0 is the line defined by 
D = yT + 1 — y — sx, which should be labeled by 136. 

1.2.3. System of differential equations. A proof of the inclusion in Proposition II.31 that is 
valid for any parameters is done as follows. Let z be a solution of the system Ei(a, b, b' , c; x, y). 
Then, the system Ei : P 4 z = QiZ = R\Z = 0 yields C(x, y)-linear expressions of 
z xx ,z xy and z yy in terms of z x ,z y and z. Substitute these expressions into the system 
E 2 : P 2 z = Q 2 z = 0. Then, we get two linear forms in z x , z y and z. We now have only to 
see their coefficients vanish for the given parameters after a change of coordinates and a 
change of the unknown by multiplying a simple factor. We do not here present the actual 
computation, because if we put x 3 = 0 in the proof of Proposition IA.1I in Subsection IA.31 
manipulating differential equations, it gives essentially a proof of Proposition 11.31 
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1 3 25 45 246 136 



Figure 1. Birational map (s,t) —> ( s,t ) 


1.3. System E 2 (a,b,tf ,c,c!) under a — c — d . When a = c = c', applying Proposition 
1.3 also for a = c, we see that the system E 2 (a, 6, a, a) has two subsystems isomorphic 
to E x . The intersection of the two Ei s would be the Gauss hypergeometric equation. In 
fact, we have the following proposition. 

Proposition 1.5. 

S 2 (a, b, b\ a, a; x, y) D (1 - x) _6 (l - y)~ h 'S (^b, b\ a; 

Similar to the argument of the previous Subsection, we can give three “proof’s: one 
using power series, one using integral representations, and one manipulating differential 
equations. We give a sketch of them in the following. 


xy 


(l-x)(l -y) 


1.3.1. Power series. The following identity explains the inclusion above. 


Fact 1.6. [Bl p. 81]. 


F 2 (a,b,b',a,a-,x,y) = (l-x) 6 (1 - y) V F ^ b,b',a ; _ ^ - y) ] ' 

1.3.2. Integral representation. We continue the argument in 1 11.2.21 In the integral J in 
1 11.2.21 above, change the coordinate from s to a as 


a (1 — x)s 

s = —, cr =-, M = xa + 1 — x 

M 1-xs 

sending 

1 

s = 0, 1, — to 
x 


a = 0, 1, oo. 


































Since 
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1 (1 — x)(l — a) 1 1 — x 1 xs (1 —x)(l — y) — xya 

l ~ s = ~ M ’ SX = ^T' 1^ = “ (1 — y)M ’ 


we have 

J = (1 - x) c - b ~ a {l - y)~ b ' J a b -\ 1 - a )^- 1 

This implies, if a = c, then 

J = (1 - x)~ b (l - y)~ b ' J a b ~\l - a) a - b ~ l 
This shows 


1 - 


xya 


-b' 


(l-x)(l-y) 


xya 

(l-x)(l-y) 


M a ~ c da. 


-b' 


da. 


xy 


(l-y) b 'S 1 (b,a-b',b',a-,x,—^—'\D(l-x) b (l-y) b 's(b,b , ,a-,- 

V l ~yJ V ( l-x)(l-y)J 

which of course implies the inclusion relation in Proposition II.51 bv combination with that 
in Proposition 11.31 


1.3.3. System of differential equations. Put 

z = (l- x)~ b (l ~ y)~ b 'u(t), t = xy/( 1 - x)/(l - y). 

We have 

z x = (1 - x)~ b (l - y)~ b 'u't x H-, z xx = ( 1 - x)~ b (l - y)~ b 'u"(t x ) 2 H-, 

and so on. Assume that u(t) G S(b,b',a;t). The equation P(b,b',a;t)u(t) = 0 gives a 
linear expression of u" in v! and u. Substitute these expressions in 

P 2 (a, 6, b', a, a; x, y)z = x(l - x)z xx - xyz xy H- 

and we get the product of (1 — x) _b (l — y)~ b ' and a C(x, i/)-lincar combination of u and 
u'. The coefficients vanish if a = c. If we do the same for Q 2 (a, b, b', a, a; x, y)z, then we 
find that it vanishes when a = c!. 


2. Solutions expressed as indefinite integrals 

We show that some indefinite integrals solve the system E 2 (a, b, b', a, a). We begin with 
some well-known facts. 

Lemma 2.1. 

P(a,6,c;x)$ = bx^- , 

C/S \ OC S J 

where 

P{a,b,c;x ) = D(D + c - 1) - x(D + a)(D + b), $ = s b " c (l - s) c - a -\x - s)~ b . 

Proof. Note that 

( B + B , + £Z^1) 4 = ( _ 0 _ 1)4 , d = x P, d , = s 1 

This implies 

{D + a)<h = - (d s + C ~°~ 1 + l) <h, 

(D + c- 1)$ = - (d s + + 1^ <h. 
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Since 


— llT hH 

D$ = - {D + b)$ = -$, D s + l = —s, 

x — s x — s OS 


we have 


P$ =< D s + 


(c—a — l)s 
1 — s 


+ 1 


bx 


x — s 


z I D s + 


c—a—1 
1 — s 


+ 1 


bs 


x — s 


$ 


= bx(D s + 1)- 

x — s 


d ( s(l — s) 


<f> • 


= bx R~ i 

Os \ x — s 

Lemma 2.2. The indefinite integral 

u= f $<is, $ = s b-c (l — s) c_a_1 (t — s)~ b , p € {0,1, f, oo} 

Jp 

solves -Ei (a, 0, 6, c : s, t ). In particular, Sfia, 0, 5, c; s, t ) D S(a, b , c; t ). 

Proof. Since u s = <f>, we have 


□ 




b — c c — a — 1 — b 


-b 


Lemma 12.11 leads to 


-■ , I Ws) Ugt , II s• 

1 — S t — S ) t — S 


N . s(l — s) 

P(a, o, c; t)u = bt - 

t — s 


Let Pi, Qi and Pi be the operators generating the system Pi (a, 0, b, c : s, t ): 

Pi(a, 0, b, c; s, t) = s(l - s)<9 ss + t(l - s)<9 st + (c - (a + l)s)<9 s , 

Qi(a, 0, b, c; s, t) = P(a, b , c; f)/t + s(l — f)<9 st — fes<9 s , 

Pi(a, 0, 6, c; s, t) = (s - t)d st - bd s \ 

refer to Section 1. Note that P(a, b, c; t)/t = t(l-t)d a + - • •. By using the above identities, 
we have 

R\u = (s — t)u st — bu s = 0, 

and 


P\U = s(l — s) 


b — c c — a — 1 


—i b \ . . bu s 

- --- U s + t( 1 - s) -- + (c - (a + 1 )s)u s = 0, 

1 — s t — s / s — t 


s(l — s) 

Qiu = bt— - u s 

t — s 


g(! ~t) 
s — t 


— bs I u. — 0. 


Furthermore, for 0 G S(a,b,c;t ), the forms of operators above imply that z lies in 
5i(a, 0, b, c; s, t). □ 

We now use the following fact: 

Fact 2.3. 0 P- 78], 

Ffia,b,b',c;x,y) = (l-x)~ a F 1 (a, c - b - b', b', c; ——, ^. 

\ 1 — x 1 — x) 
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From this fact we get, when c = b + b ', 


Si(a, b, b', b + b x, y) = (1 - x) a Si ( a, 0, b ', 6 + 6 '; -——, ^—— 

1 — x 1 — x 


If we put 


then 


Thus we have 


x 


V = 


1 — 77’ 
y — x xy 


1 — x (1 — x)(l — 77 ) 


S 2 (a,b,tf,a,a-,x,y) D (1 — 7 /) & 'Si ( b, a - b', b', a; x, 


x 


1 - 2 / 


= ( 1 - 2 /) b '(l-x) 6 5i ( 6 , 0 , 6 ', a; 


-x 


X2/ 


1 -x’ (1 -x)(l - 7 /) 


=> (1 — 2 /) 6, (1 - a) h S ( b, b', a; 


xy 


(1 -x)(l -y) 

This agrees with the inclusion in Proposition 11.51 I 11 particular, by the inclusion 

-x xy 


(1 — y) (1 — x) b S 2 (a, 6, b' , a, a; x, y) D Si ( b, 0, b', a; 


1 — x’ (1 — x)(l — y) 


and Lemma [ 2 ~ 2 l we get solution of (1 — y) b '{1 — x) b E 2 (a , b , 6 ', a, a; x, 7 /) represented by the 
indefinite integral: 


fi ■= I s b ' a (l-s) a b : (xy — s) b 'ds , x = 


-b' 


1 — X 


x - 7 / 

, y = 


1-2/ 


Starting point of the path of integration can be any point p £ {0,1, t, 00 }, so we choose 
p — 0, just for simplicity. By exchanging the role of x and 7 /, we get an inclusion 


(1 - y) b \l - x) b S 2 (a, b, b' , a, a; x, 7 /) D Si ( 6 ', 6, 0, a; 


X2/ 


- 2 / 


(1 — x)(l — 2/) ’ 1-2/’ 

and another solution of (1 — y) b '(1 — x) b E 2 (a , 6 , 5', a, a; x, 7 /) represented by the indefinite 
integral: 

f y s b - Q (l - s) a - 6 '” 1 (xy - s)- 6 ds. 




After the change s —> xy/s, it can be also expressed as 

/ 2 := (xy )-“ +1 /V-d - s)-‘(xy - 
Jo 

Thus, we have: 

Theorem 2.4. VFe have the following inclusions of the spaces of solutions: 


(1 -y) b \l ~x) b S 2 (a : b, b',a, a;x, 7 /) D ( b, 0, 6 ', a; 


—x 


X V 


U 


S 1 (6',6.0.a;( I= 4L i y. r ^.) ^ s(b,b',a- 


1 — x’ (1 — x)(l — 7 /) 
U 

xy 


(1 -x)(l - 7 /) 
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Moreover, the collection of solutions (1 — y ) b '{1 


/i ,/ 2 and S b, b', a; 


xy 


(i-^Xi -y) 


x) b S 2 (a, b, b', a, a; x, y) is spanned by 


This will play a key role to understand the Schwarz map of a system i ? 2 with specific 
parameters, which will be introduced in 1 14.II 


3. MONODROMY REPRESENTATION OF E 2 

In this section, we study the monodromy representation of E 2 = E 2 (a,b,b' ,c,c'). 
Though it is assumed in |MY] that the parameters satisfy the irreducibility condition 
in Fact 1.1: 

a, b, b' , c — b, d — b' , a — c — c', a — c, a — d ^ Z, 
in this section, we only assume the weaker condition 
(3.1) a, b , b' , c — b, c' — b 1 , a — c — dfi7L. 

We modify Theorem 7.1 in (MYj so that the statements remain valid for these parameters. 
We will apply the result of this section in 1 14.41 

3.1. Twisted homology groups and the intersection form. Let 

X = {(x,y) G C 2 | x(x - l)y(y - l)(x + y - 1) d 0} 

be the complement of the singular locus of E 2 . For each (x, y) € A", we consider a 
multi-valued function 

if = ti _1 (l - - t 2 ) c ' _6 '“ 1 (l - t x x - t 2 y)~ a , 

on 

T x , y = {{ti,t 2 ) G C 2 | fi(l - ti)t 2 (l - ^ 2 )(1 - Ex - t 2 y ) d 0}- 

As in §1.6 and §1.7 of Chapter 2 in [ AKj . we define the twisted homology group H 2 (T Xjy , if) 
associated with if and locally finite one Hf(T x ^ y ,if). Under some genericity condition, 
the integral of if over a twisted cycle gives a solution of lf 2 . 

If a — c, a — d ^ Z then the natural map 1 : i/ 2 (T Xiy , if) —> Edf{T x ^ y , if) is bijective, and 
the inverse map reg : Hf(T Xty ,if) —> H 2 (T Xjy ,if) is called the regularization. In general, 
the map 1 : H 2 (T XtV ,if) —> E[f(T Xty ,if) is neither injective nor surjective, however we still 
have the isomorphism 

reg : Im(?) -i> H 2 (T Xty ,if)/ ker(z). 

Under condition (3.1), thanks to the vanishing theorem of cohomology groups in [Cl . 
rank of Hf(T XtV ,if) and H 2 {T xy , if) are equal to the Euler number x(T x , y ) = 4 of T, and 
the bilinear form - the intersection form - 

3 : H$(T X)y ,if) x H 2 {T x , y ,if~ 1 ) —► C 


is non-degenerate. 
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3.2. Monodromy representation. Let U be a small simply connected domain in X . 
We can identify the local solution space to E 2 on U with the trivial vector bundle 
U(z y )eu ^ 2 ^x,yi VO via the Eider type integral representation of solutions to E 2 . The 
monodromy representation of E 2 is equivalent to that of the local system 

U H 2(T X ,y,^) 

(x ,y)ex 

over A". We also consider a local system 

W*) = U H^Tx^r 1 ) 

(x,y)eX 

over X. We fix a small positive real number e, and let (e, e) a base point in X. Denote 
the germs at this point of the local systems TOfipf ) and TL 2 {if~ l ) by 

H 2 (T, if), T = T £>e , 

respectively. Let 

M-“ : MX,(e,e))B Mp eGL(tf 2 (r, </>-')) 

be the monodromy representations of 'H 2 ('f>) and 'H 2 ('ijj~ 1 ) with respect to (e, e). Xif and 
are called the circuit transformations along p. 

Proposition 3.1. (1) The image Im(*) of the natural map i : H 2 (T,ip) —y Hf(T,if) 

is invariant under the monodromy representation AT*. 

(2) The kernel ker(*') of the natural map / : H 2 (T, -0 -1 ) —> H%(T, if- 1 ) is invariant 
under the monodromy representation _M -M . 

Proof. It is clear that H 2 (T,i/j) and H 2 (T^~ 1 ) are invariant under and re¬ 
spectively. We have only to note that the natural maps i and i' commute with and 

M ~A □ 

Remark 3.2. We will see that if a — c € Z or a — c' G Z, then both of Im(z) and ker(z') are 
proper subspaces. Thus monodromy representations and X4~ u are reducible in this 
case. 

Lemma 3.3. (1) Let A and A be elements of H^T,^) and H 2 {T,iJj~ 1 ), respectively. 

Then we have 

J(M^(A),M^(A)) = J(A,A). 

(2) Suppose that W = Hf(T,iJj) is decomposed into the direct sum of the eigenspaces 
W] ,..., W r of Xif of eigenvalues Ai,..., A r . Then W = H 2 (T , tf~ l ) is decom¬ 
posed into the direct sum of the eigenspaces W \,..., W r of Xif^ of eigenvalues 
A^ 1 , • • •, A^ 1 . The eigenspace W{ is characterized as 

Wi = p| W±, Wj- = {weW | 3(wj, w) = 0 for any Wj G Wj}. 

l<j<r 

Proof. (1) The intersection number 3(A, A) is stable under small deformations of A and 
A. 
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( 2 ) Since Ai^ p belongs to the general linear group, we have Ai ■ ■ ■ \ r ^ 0. Let Wj be any 
element of W 3 (j = 2,... ,r) and let w be any element of W[ = P| W^. Since we have 

2 <j<r 

= 3(X j w j , M~ ,J ‘{w)) = 3(Ai^(w j ),M~ IJ '(w)) = 3{w j ,w) = 0 

for j = 2,... , r, belongs to the space W[. Thus induces a linear transfor¬ 

mation of W[. Let A' be an eigenvalue of the restriction of Ai p IA to W[, and let w[ G W[ 
be an eigenvector of A'. Since the intersection from 3 is non degenerate, there exists 
u>i G W\ such that 3(wi,w[) ^ 0. Note that 

0 ^ 3(wi,w[) = 3(M p (wi), M~ IJ '(w , 1 )) = 3(X 1 w 1 , X'w[) = (X 1 X') ■ 3{w i, w[). 

Hence we have A 4 A' = 1, i.e., A' = Aj -1 and W[ C W\. Similarly, we have W- C Wi for 
i — 2,..., r. To show W( = Wi, we consider the restriction of Ai to W" = W[ D {ini} -1 , 
where 

{wi } -1 = {w G W | 3{wi,w) = 0}. 

Take its eigenvector w’ and repeat the above argument. In this way, we have 

dim W[ = dim W\ < dim W[. 

Since 

r r 

dim W = ^2 di m W t < dim W, < dim W, dim W = dim W, 

2—1 2—1 

we have dim W[ = dim Wi = Wi for % — 1 ,..., r. □ 

3.3. Twisted cycles. Let Dj (i = 1,...,6) be locally finite chains shown in Figure [2j 
We specify a branch of 0 on each chain by the assignment of arg (/,,■) on it as in Tabled] 
where 

fi=ti, = /.3 = f 2 > f 4 = i~t 2 , f 5 = l-t 1 x-t 2 y, 

and load 0 to get the locally finite twisted cycles df G 0). It will be shown that 



fi = h 

/2 — 1 — H 

/3 — 1 2 

/ 4 — 1 — t 2 

h = 1 - hx - t 2 y 

□l 

0 

0 

0 

0 

0 

□2 

0 

7 r 

0 

7T 

0 

□3 

—71 

0 

0 

0 

0 

□4 

0 

0 

—71 

0 

0 

□5 

0 

0 

0 

71 

0 

□e 

0 

7 r 

0 

0 

0 



Table 

i. List 0 

f arg (fj) on □* 


Ai = Df,..., A 4 = form a basis of H}](T, 0 ) in Corollary 13.61 
We choose elements in H 2 (T. ', 0 _1 ) as 

Ai = reg(df '), A 2 = reg(df *), 

A 3 = (/ii 25 - l)reg(nf '), A 4 = (/i 345 - l)reg(d 4 *), 
where Hij... — ■ ■ ■ and 

/i, = e 2nV ^ b , /i 2 = e 2v ^ c ~ b \ /i 3 = e 2n ^ b ', /i 4 = ^ = e -W=T .a 
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c — b b 

\ 



FIGURE 3. Exponents around the line at infinity 

Note that in terms of /Zj’s the irreducible condition in Fact 1.1 is 

= 1, - - - , 5), /il2345; A 4 125, F345 7 ^ 1> 


the condition (3.1) is 


/ij(f — 1, . . . , 5), /ii2345 1) 
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and (see Figure [3]) 

c — cl G 7L "vv - /1125 = 1, c — cl G 7L 4=^ fi 345 — 1 , 


and that (a, 6 , c) = (4/3, 2/3, 4/3) satisfies (3.1) and Hijk = 1 for any i,j,k. Explicitly, 
A 3 and A 4 can be written as: 


(hl25 — 1) ( 
(h345 - 1) (—1 


A- + [—t, —5]- ff 

L hi25 — 1 0 /i 1 - 




hi 


- 1 


+ [5 ,1 - (5] 


or 


h 2 X - 1 


[) X ( 
) X ( 


Oo 


h3 


+ [5,1 — <5] — — 35- 1 


h4 


h345 


0 + —1 
i + [ T’~ 5] 


On 


Ms' ~ 1 


where <5 is a small positive real number, [^-, — 5] and [5,1 — 5] are closed intervals, 0+ is 
the negatively oriented circle of which radius, center and terminal are 1/5, 0 and —1/5, 
Of (q = 0,1) is the positively oriented circle of which radius, center and terminal are 5, 
q and q±5. 

Notice that the definition of the twisted cycles A* (i = 1,..., 4) make sense even in the 
case a-ceZora-c'eZ. Indeed, this specialization gives no harm to A* (i = 1,2), 
and thanks to the above expression, when /z 125 = 1 and /x 345 = 1 , we have 


A 3 

A 4 


respectively. 


* 4 . / On rr , Oi 

x ^^ T vT + [,5 ’ 1_ ' 5| “^yvTl 
(AA-r + ftl-il-AO-rlxOi 1 *' 

hi “I h 2 - 1 


Remark 3.4. Suppose that a — c, a — d G Z. Then the twisted cycles z(A 3 ) and *(A 4 ) 
are homologous to 0 in H}f(T, ■0 -1 ), since they are the boundary of locally finite 3-chains 
given by the replacement ©+ —> ©+ in their expressions, where ©+ is the annulus {t G 
C | 1/5 < 1 1 |}. They belong to ker(z'). By Proposition 13.51 it turns out that Im(?) is 
spanned by A 4 and A 2 . 


3.4. Intersection matrices. 


Proposition 3.5. The intersection matrix H^ = (j(Aj,A J -)) 1< . <4 for A 4j . .. ,A 4 G 
and A 4 ,... ,A 4 G H 2 (T, ip- 1 ) is given by 


/ (P12-1)(W4-1) 

(mi-1)(M2-1)(M3-1)(M4-1) 


1 

(M 2 -l)(/M-l) 


Atl(A t 34-l)(M125~l) 

(mi-1)(M3-1)(M4-1) 


A»24 

_M34 —1_ 

(mi-1)(^3-1)(M4-1) 

_ M12-1 _ 

V (mi-1)(M2-1)(M3-1) 


_M245 — 1_ 

(M2-1)(M4-1)(ms-1) 

0 

0 


0 

Ml(M34 —1)(M25—1) 

(/41 — 1 ) (M3 — 1 ) (a*4 — 1 ) 

Ml(M125 —1) 

(Ml — 1)(M3—1) 


Its determinant is 

hl234(h5 — l)(hl2345 — 1) 
(hi - l) 2 (h2 - l) 2 (h3 - l) 2 (h4 

which does not vanish under the assumption (13.Ill . 


I ) 5 


w(/412 — 1)(M345 — 1) \ 

(mi 1)(M2 1)(M3 1) 

0 

M3(M345 — 1 ) 

(Ml —1)(M3 —1) 
M3(M12-1)(M45-1) 
(mi-1)(M2-1)(M3-1) / 


Proof. Follow §3 of Chapter VIII in |Yo] for the computation of the intersection numbers. 
By a straightforward calculation, we have its determinant. □ 


Proposition 13.51 yields the following corollary. 
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Corollary 3.6. The twisted cycles A 1; ... ,A 4 and A lv .. ,A 4 form a basis of Hf(T,ijj) 
and that of H 2 (T, if -1 ), respectively. 

We express the twisted cycles and Dg as linear combinations of A*. 


Lemma 3.7. We have 


^ _ /i 4 /i 5 - 1 /i 345 — 1 

U 5 —- 7 ~ A 1- 

h5 ~ 1 h5 — 1 

□+ = _^5-l Ai _ft2 5 -l A3 


h 5-1 


h5 - 1 


Proof. Set 


□* = ^7iA i = (7i,...,7i)*(A 1 ,...,A 4 ), 


i=1 


and compute the intersection numbers 3(Df, Aj). Then we have 
(7i, 72,7s, 74 )H» = (3(Dt, A,),..., 3(Df, A 4 )) 

—hl(hlh2 — 1) — (h4h5 — 1) hlh4 (hl25 — l) 


■(hi - l)(h2 - l)(h4 - 1)’ (h2 - l)(h4 - l)(h5 - 1)’ (hi - l)(h4 - 1) 
which yields the expression of 


,0 


Since 


(3(D*,A 1 ),...,3(n*,A 1 )) 

— h2(h3h4 — 1) — (h2h5 — 1) 


:,0, 


h2h3(h345 ~ !) 

• (h2 — 1) (h3 — 1) (h4 — 1) ’ (h2 — 1) (h4 _ 1) (h5 — 1) ’ (h2 — 1) (h3 — 1) 

we have the expression of Dg . 

Remark 3.8. In |MYj . we take a basis A 4 , A 2 , df and Dg of If a — c, a- 

then each of Dg and Dg is a scalar multiple of A 4 by Lemma [3.71 


□ 

c' e z 


Similar to Lemma [3.71 we have the following. 


Lemma 3.9. We have 

reg(D(f *) 

reg(D^ ') 


h4h5 I _1_^ 

h4(h5 — 1) h3hl(h5 — 1) 

h2h5 ~ 1 _ 1 

h2 (h5 — 1) hlh2(h5 — 1) 


3.5. Circuit transformations. 

3.5.1. Generators of the fundamental group. We give generators of the fundamental group 
7 Ti(X, (£,e)). Let pi (and p 3 , ps) be a loop in 

L x = {(x, e) e C 2 | x ^ 0,1 - e, 1} 


starting from (x , y) = (e, e), approaching to the point (x, y) = ( 0 , e),(and ( x , p) = ( 1 —e, e), 
( 1 , e)) with Im(x) > 0 , turning once around the point positively, and tracing back to (e, e). 
Let p 2 (and p 4 ) be a loop in 

L v = {(e,Z/) e C 2 | p ^ 0,1 - e, 1} 

starting from (x, p) = (e, e), approaching to the point (x, p) = (£, 0 ), (and (x, p) = (e, 1 )) 
with Im(p) > 0 , turning once around the point positively, and tracing back to (e, e). It 
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is known that the loops pi ,..., p 5 generate 7ir(X, (e, e)). The circuit matrices of AU and 
AT 4 along pi will be denoted as 

•Mf = M% M^ = M^ (i = 1.5). 

3.5.2. Expressions of the circuit transformations. 

Theorem 3.10. Under the assumption (3.1), the circuit transformations Alf G GL(Hf(T, if)) 
(i — 1,..., 5) are given as 


(3.2) 


— hl2 A 

(h '12 

= U 34 A — 

(^34 

M$( A) = 

A - 

A) = 

A - 

M£( A) = 

A - 


[ 14 


-i / Ax 

a 4 ;’ 

-1 ( A]_ n 
A, I ’ 


^245 


■3(A, A 2 ) A 2 , 


^ 2 ) 

hl45 


■3(A, A 145 ) A 


145, 


5, ^145 ) 
h-235 


3(A 2 35, A 


3(A, A 235 ) A 


235, 


235/ 


where A is any element of HlfiT^if), H(- (j = 3,4) is the submatrix of consisting of 
the ( 1 , 1 ), (1 ,j), (j, 1 ) and (j,j) entries of H^, and 


A 


145 


— A2 + , A235 — A2 + Dg , 


A 145 = A 2 + reg(Df ), A 23 5 = A 2 + reg(C$ ). 

Proof. Under the condition c, c' ^ Z, the linear transformation Aif satisfies the assump¬ 
tion of Lemma [3.31 (2). In fact, a fundamental system of solutions can be given by the 
hypergeometric series F 2 multiplied by the power functions 


x 


1—C 


,1-d 


x'-'y 1 -*. 


Thus the eigenvalues of Aif are 1 and e ~ 27rv/3Tc = pfj, and each of the eigenspaces is two 
dimensional. It is easy to see that the locally finite chains Di and D 4 are invariant under 
the deformation along pi. Hence the twisted cycles Ai and A 4 span the eigenspace of 
Mf of eigenvalue 1. Similarly we can show that the twisted cycles Ai and A 4 span the 
eigenspace of A4f /l of eigenvalue 1. By Lemma [373] (2), the eigenspace of of eigenvalue 
IP 2 is 

(A 1; A 4 ) x = {A g H$(T, if) | 3(A, A x ) = 3(A, A 4 ) = 0 }. 

It is easy to see that the right hand side AI ) 1 of (j3.2[) satisfies 

VKf(A j ) = A J , j — 1,4, VUf( A)=^A, AffiA ) 1 


By Proposition 13.51 Ax,..., A 4 form a basis even in the case c G Z or c! G Z. Thus the 
representation matrix Mf of Aif with respect to this basis is continuous on the parameters 
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a, b, b', c, d. On the other hand, the expression Al 4 is also continuous since the factor 
p 12 ~ 1 hi the denominator of 


H 


14 


-1 


(hi ~ l)(h 2 ~ 1 ) 

hi 2 — 1 


/ (h4 ~ f )(h45 ~ 1) 
pi(p5 — 1 ) 

P 4-1 

V p3i{p5 — 1 ) 


(h4 ~ l)(h345 ~ 1) \ 
pi(p5 1) 
p 34 ~ 1 

p3A (h-5 — 1) / 


cancels by p ^ 1 — 1. Similarly we have the expression of 

To study Alg, we work temporarily under the condition p 2 35 7 ^ 1. We decompose ps 
into p 5 • pg • pf 1 , where p 5 is the approach to x = 1 and pi is the turning path. We trace 
the deformation of the triangle ^235 made by HH 2 and Dg along p 5 . After the deformation, 
this becomes a small triangle near the point (ti,t 2 ) = (1,0). We see the argument of 
/ 4 — 1 — t 2 on this triangle. Since y = £ and Im(ai) > 0 in p 5 , £1 > 1 in this triangle, and 


1 — £2 = {e — l)t 2 + xt\ 


011 the line £ 5 : f 5 = 0 , / 4 = 1 — £ 2 varies negative to positive via the upper-half space, i.e, 
arg(/ 4 ) decreases by 7 r along p 5 . Note that this change is compatible with our assignment 
of arg(/ 4 ) on D 2 and Cb in Table [0 Thus the twisted cycle A 235 = A 2 + Dg plays the 
role of a vanishing cycle as the line i 5 approaches the point (1,0). Since pi corresponds 
to the move of / 5 turning around the point ( 1 , 0 ), the cycle A 235 is an eigenvector of 
Afg of eigenvalue p 2 35 - We can similarly show that A 235 is an eigenvector of of 

eigenvalue pf 35 . On the other hand, we can find three chambers not affected by the 
move of the line £5 along pg. For example, CI 3 , {(£^£ 2 ) G M 2 | £1 < 0 ,£2 < 0} and 
{(£ 4 , £ 2 ) G M 2 I £1 > 1, £2 > 1}- Hence Alg has three dimensional eigenspace of eigenvalue 
1. Lemma [3731 (2) yields that this eigenspace is expressed as 

(^ 235 ) ± = {A G | J(A, A235) = 0 }. 


So Afg has desired eigenvalues and eigenspaces. Since the factor 


P'235 


3(A 2 35, A235) 


- (1 - P 235 ) 


P235 


{p2 ~ l)(h3 — l)(h5 — 1) 


~ (p 2 ~ 1 )(P3 ~ l)(h5 — 1 ) 


is continuous on p 235 at 1 , the expression of Alg is valid even in the case p 235 = 1 . 
Similarly we have the expressions of Ai 3 and Af 4 . □ 

Corollary 3.11. Under the assumption (3.1), the circuit transformations Af G GL (H 2 (T, "0 -1 )) 
(i — 1,..., 5) are given as 


M?( A) = /*34A-(^4-l)(A„A 3 ) Wp 
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•MT(A) = A- '~^ 3(A 2 ,A)A 2 , 

J(A 2 , A 2 ) 

MW A) = , J(Ai45,A)Al45, 


3(Ai45, A 


145 ) 


Adg^A) — A — ^7-;——- 2 f(A 23 5 , A)A 23 5 , 


^(a 235 , a 


235 ) 


where A is any element of H 2 (T,if x ). 

3.5.3. Circuit matrices. Let Mf and (i = 1,..., 5) be the circuit matrices along 
the loop pi with respect to the basis *(Ai,..., A 4 ) of H l f{T, if), and to (Ai,..., A 4 ) of 
H 2 (T, if- 1 ), respectively. That is, we have transformations 


/AA 


^ Mf 


/AA 


W 


, (A 4 ,..., A 4 ) t—)■ (A l5 ..., A 4 )M. 




\ A 4/ 

by the continuation along /p. 

Corollary 3.12. T/ie circuit matrices are expressed as 


M? = \ i I 4 -(\ i -l)H'*R i (RiH'*R i )- 1 Ri (* = 1,2), 
Mj = / 4 — (1 — X^H^rjfrjH^rj)~ l rj (j = 3,4,5), 


(* = 1 , 2 ), 

A* 


'A, 


V = ^-(l--)^^^)- 1 ^ (j = 3,4,5), 

A 


where 


Al — /i 12 , A 2 — /1 34 , A 3 — /i 2 /* 4 /* 5 , A 4 — pip^ps, A 5 — /i 2 /i 3 /* 5 , 


. 1 0 0 0\ „ /I 0 0 0 . 

/? 4 — ( ] , i? 2 — ( I , r 3 — (0,1,0,0), 

1 0 0 0 1 / l 0 0 1 0 ' v ’ ’ 


( /*45 1 1 n ^345 _ A * /*25 — 1 1 A* 125 — 1 n \ 

*" 4 = (- w,l, 0 ,-—), r 5 = (--, 1 ,- r , 0 ), 


/*5 1 


/*5 - 1 


/1 5 — 1 /*5 1 


i ? 4 = *i?i, i ? 2 = 4 i? 2 , r 3 = V 3 , r 4 = 


/ -(l»45-l) \ 
/i4(/i5-l) 

1 

0 

'M34(M5— 1 ) ' 


r 5 = 


/ -(^25-1) \ 
M 2 (MS- 1 ) 

1 

-1 

M12(M5-1) 

V 0 ) 


















Their explicit forms are 
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Mlf 


1 

0 

0 

0 

\ 


1 

0 

(Ml— 1)(M345 —1) 

A*i(jU5—1) 

M1M2 

Ml(M5- 

-1) 

-(M2-1) 

0 

1 

0 


Ml M2 

Ml M2 


0 

0 

0 

1 

/ 

1 

0 


0 

0 \ 

(M3 —1)(M2M5 —1) 

1 

(M3- 

1)(M125 —1) 

0 

M3(M5—1) 

M3M4 

M3 (M5 1 ) 

0 

0 


1 

0 

(M4 1) 

0 


0 

1 / 

M3M4 


M3M4 ' 


/1 fi 5 - 1 o o\ 

0 /i245 0 0 

0 0 10 

\0 0 01/ 


(l 

— Hi + Hl45 

~Hli.H5 — 

1) 

o Hi(H3A5 — 

1)\ 

- 

(Mi-1)(M4M5 

-1) 

Hi 


n (Ml 1)(M345 

-1) 


M5—1 



M5 — 1 



-(/i4/i5 — 

1) 

Ho - 1 


1 — (H345 — 

1) 

\ 

0 


0 


0 1 

/ 

(l 

— A*3 + H235 

— H3(H5 ~ 

1) 

H3(Hl25 — 1) 

°\ 

- 

(M3-1)(M2MS 

-1) 

H3 


— (M3 — 1)(M125— 1) 

n 


M5 —1 



Ms —1 



0 


0 


1 

0 

v- 

_ (/ i 2/ i 5 — 

1) 

H5 - 1 


— (HUS ~~ 1) 

V 


/I 

— (mi —1)(M4M5 —1) 

Hi(H2 — 

1)(A*125 - 1) 

0\ 

M4(M5-1) 

0 

HiH2 


0 

0 

0 

0 


H 1 H 2 

0 

\0 

—(mi—1) 

M3M4(M5-1) 


0 

1/ 

n 

-(M3-1)(M2MS-1) 

0 /i 3 (/i 

4 — 1) (11345 — 

1)\ 

M2 (ms-1) 

0 

H3H4 

0 

0 


0 

— (M3 —1) 

Ml M2 (M5 —1) 

1 

0 


\0 

0 

0 

H'-iHl 

/ 




/ 1 0 0 o\ 

~ (w ~ 1} 0 0 
M5 M245 

0 0 10 

V 0 0 0 1/ 
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M^ 


/I 

— M 4 M 5 YM 145 

( Ml - 1 )( M 4 M 5 - 1 ) 

( M 4 MS — 1 )( m 12 S — 1 ) 

O 


M 145 

M 5-1 

MlM 4 ( M 5 1 ) 

1 


M 4 M 5 

CM 5 1 ) ( M 125 1 ) 


MlM 5 

Ml 




0 

0 


1 

0 

V 

-1 

Ml - 1 


M 125—1 

V 

M 134 M 5 

M 134 ( M 5 — 1 ) 


M 345 

/l 

“ M 2 M 5 + M 235 

( M 3 - 1 )( M 2 M 5 - 1 ) 

0 

0 

( M 2 M 5 — 1 )( M 345 

- 1} \ 


M 235 

M 5 —1 

M 2 M 3 ( M 5 — 1 ) 

1 

M 2 M 5 

— (MS — 1 )( M 34 S - 

- 1 ) 


M 3 M 5 

M 3 

M 5 



-1 

M 3 I 

1 

M 345 —1 



M 123 M 5 

M 123 ( M 5 1 ) 

M 125 


V 

0 

0 

0 

1 

/ 


They satisfy 

MfTP'Mf^ = H< X (i= 1,..., 5). 

Proof. We identify 

4 4 

A = zAi 6 ^(T, Y), A = S) ; A, : e H 2 (T, 


- 1 \ 


i—1 




with the row and column vectors 


2 = (21,.. .,24), £ = 


AA 


W 


respectively. Note that 

Of (A, A) = zH^z. 

Theorem 13.101 yields these expressions. We have 

MfH ll M [ 11 = H 11 (i — 1,..., 5) 

by Lemma 13.31 (1). □ 

Remark 3.13. As a result, M'f {i = 1 ,..., 5) coincides with the circuit matrix with respect 
to the basis A 1; ..., A 4 by Theorem 7.1 in [MYj . 

4. Schwarz maps for S as the universal Abel-Jacobi maps 

In this section we introduce a system £, and describe its Schwarz map, which is the 
main result of this paper. 

4.1. The system £: a restriction of the system .£7(3, 6 ; 1/3). We introduce in this 
subsection a system £, which is a system E 2 with specific parameters, and mention a 
reason why this system is of special interest. 

Let X(3,6) be the configuration space of six lines £i ,...,£ 6 in general position in the 


{(p : 

q 

r)}. 

We identify the space X(3,6) with 

1 0 

1 

x 1 

x 2 

0 ^ 


1 

0 1 

1 

X 3 

x 4 

0 


no 3 x 3 - minor vanish / 

0 0 

1 

1 

1 

1 J 


1 


where £% is the line at infinity in the pg-plane given by r = 0. The system 
.£/(3, 65 cz), a = (o 4 ,..., af), o 4 T ■ ■ ■ T a g — 3 
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is generated by the linear differential equations which annihilate functions on X(3, 6 ) 
defined by the integral 



fj(x]p,q) aj 1 dp A dq. 


fi=P, f 2 = q, fa=P+q+ 1, 

= x 1 p + x 3 q + 1 , — x 2 p + x A q + 1 . 


The Schwarz map of the system £(3,6; a) is studied (cf. l.MSVI . [MSTYj ) in two cases 
aj— 1/2 and <%,■ = 1/6 mod Z. We have been interested in the case a 3 = 1/3 mod Z. 

On the other hand, let X 2 be the 2-dimensional stratum defined by x 2 = x 3 = 0, which 
is the space of six lines such that the three lines meet at a point, the three 

lines ^ 5 } meet at another point, and nothing further special occurs. It is known 

QMSY jl that the restriction of £(3,6; a) onto X 2 is the Appcll’s hypergeometric system 
£ 3 , which is projectively equivalent (multiplying a function to the unknown) to 

£ 2 ( 01,1 — 05,1 —a 6 ,2 — a 2 —a 5 , 2 —a 3 — a 6 ; £,?/), x = l/x 2 , y = 1 /x 4 . 


Setting a = (4/3,1/3,1/3,1/3,1/3,1/3), we define 


£ := E 2 


(4 2 4 \ 

I 3 > 3 5 3) 1/ ) > 


where — 

3 




We believe that the first step of understanding £(3, 6 ; a), a.,- = 1/3 mod Z is the study 
of the system £. 


The Schwarz map of a system is defined by the ratio of linearly independent solutions. 
The main objective of this paper is the Schwarz map of the hypergeometric system £. 
The system £ admits solutions stated in Proposition 12.41 The next subsection gives a 
geometric background of understanding these solutions. 

4.2. A family of curves of genus 2. Consider a family of curves of genus 2 given as 
triple covers of P 1 : 

C t : S 3 = s 2 (l — s)(t — s) 2 , t : parameter, 

branching at four points {0,1, t, 00 }. We choose two linearly independent holomorphic 
1 -forms: 

uji = s~ 2/3 (s - l) -1/3 (s - t)~ 2/3 ds , oj 2 = s~ l/3 (s - l) -2/3 (s - t)~ l/3 ds, 

and put 

[ Ui(t). 

0 

For a fixed t, the Abel-Jacobi map for the curve Ct is a multi-valued map 

C t 3 s 1 —> (ipi(s,t), <P2(s,t)) E C 2 ; 

It is a single-valued map to its Jacobian C 2 /L, where L is a lattice generated by its 
periods: integrals over possible loops with base s = 0: 


¥>i(M) = / wi(t), p 2 {s,t) 
Jo 


¥>2(0, t )). 
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4.3. The Schwarz map of £. Proposition 12.41 for a = c = d = 4/3, b = b' = 2/3 implies 
that after the coordinate change 


— 3 ? —y 

x = --, z = xy, where y = --, 

1 — x 1 — y 

and the change of unknown: u —> (1 — y) 2 ^ 3 { 1 — x) 2 ^ 3 u, two linearly independent solutions 
of 



and the two indefinite integrals 


f S - 2 / 3 (l - s)" 1/3 (z - s)~ 2 / 3 ds, -L - 1 ' 3 r S -V 3 ( 1 - s)" 2/3 (z - s)~ 1/3 ds 

Jo Jo 

form a set of fundamental solutions of £. 

On the other hand, the integral representation of the Gauss hypergeometric equation 
given in Section 1 asserts that the integral above along any closed path gives a solution 
of E( 2/3,4/3). Thus we find that the Schwarz map of £ is the totality of the Abel- 
Jacobi map of the family {C t } after a slight modification (multiplying f ” 1 / 3 to the second 
coordinate). 

Thus we get 


Theorem 4.1. If we change the coordinates (x,y) of £ = 17 2 (4/3, 2/3, 4/3; x, y) as 

s (= x ) = t(= z ) = xy ’ where y = 1 ——■> 

1 — x 1 — y 

the Schwarz map of the system £ is equivalent to the projectivization of the family of the 
Abel-Jacobi map of the family { C t } of curves of genus 2, explicitly given as 

S 2 : [J C t 3(s,t) i —> <pi{Q,t) : t~ 1/3 (p 2 (0,t) : <Pi(s,t) : t~ 1/3 (p 2 {s,t) G F 3 . 

te C-{o,i} 

The latter two ipi(s,t) and t~ 1 ^ 3 ip 2 {s,t) are fi and f 2 in Section 2. The map by means of 
the former two 

Si : P 1 — {0,1, oo} 9 t i—» yq(0, t) : t~ 1 ^ 3 ip 2 ( 0, t) G IP 1 

is the Schwarz map of the hypergeometric equation -£7(2/3, 4/3). Its image is a disc, and 
the inverse map of Si is single-valued automorphic function on the disc with respect to 
the triangle group of type [3, oo,oo]; in other words, the disc is tessellated by Schwarz 
triangles of type [3, oo, oo]. 

The image surface under S 2 can be regarded as lying in a fiber bundle with the Si-image 
disc as its base and the Jacobian variety of Ct as the fiber on the image point Si(t). 


A triangle of type \p,q,r] is a hyperbolic triangle with angles n/p^/q and 7 r/r; the 
above triangle has angles 7 t/3,0 and 0. The triangle group of type [p,q,r\ is the group 
consisting of the even products of the reflections with the sides of the triangle of type 
[p, q, r] as axes. It is known that the triangle group of type [3, oo, oo] is conjugate to the 
congruence subgroup 


Fi(3) 


a b 
c d 


G SL 2 (Z) | a — l,d— 1, c = 0 


mod 3 > . 


For arithmetic triangle groups, see m 
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Other than this family of curves, there are two families of curves of genus 2 branching 
at four points in P 1 ; see Appendix 2. 


4.4. Monodromy group of £. From monodromy side, Theorem 14.11 can be understood 
as follows. Define Mi and Mi (i — 1,..., 5) by substituting /ii = • • • = /a 5 = oj 2 = 
into Mf and defined in 1 13.5.31 respectively. They are the circuit matrices for £ with 
respect to 



i/j £ dt 1 dt 2 , 


□i 



'□ 4 


and those for £ v = E 2 (—§, ——|) with respect to 


where 





J 


1p£ 


1 

\Ai(! - ti)f 2 (l - t 2 )(l - t\x - t 2 y) 


Corollary 4.2. We have 



f 1 

0 


0 


°\ 




(\ 

2oj + 1 

0 

°\ 

Mi = 

-2a; - 1 

—oj — 1 


0 


0 




0 

OJ 

0 

0 








Mi = 

-2a; - 1 

0 

—OJ — 

1 

0 




0 

0 

a; 

0 


v 0 

0 


0 


V 




\o 

OJ + 1 

0 

V 


( 1 

0 

0 


0 

\ 




t\ 

2oj + 1 

0 

°\ 

M 2 = 

-2a;- 1 

—oj — 1 

0 


0 





0 

OJ 

0 

0 








Mo = 






0 

0 

1 


0 





0 

OJ + 1 

1 

0 


^-2w - 1 

0 

0 

—Co 

— 

V 




\o 

0 

0 

uj) 


^ 1 — OJ — 

2 0 0\ 







/ 1 

0 

0 o\ 



M 3 = 

0 1 

0 0 





m 3 


OJ — 

1 1 

0 0 












0 0 

1 0 







0 

0 

1 0 




\0 0 

0 1 j 







V 0 

0 

0 1/ 




^ a; + 3 

—2oj — 1 

0 

°\ 





(—oj + 2 

oj + 2 

0 

o\ 

m 4 = 

—OJ + 1 

—oj — 1 

0 

0 



M: 


2oj + 1 

OJ 

0 

0 

—oj — 2 

1 

0 

5 



0 


0 

1 

0 


—OJ + 1 



V 0 

0 

0 

V 





\ 

1 

0 

V 


^ oj + 3 

-2a;- 1 

0 

°\ 





(—oj + 2 

cn + 2 

0 

°\ 

M 5 = 

—CJ + 1 

—OJ — 1 

0 

0 



Mr, -- 


2oj + 1 

OJ 

0 

0 













0 

0 

1 

0 





—OJ 

1 

1 

0 


+ 1 

—oj — 2 

0 

V 





V 0 


0 

0 

V 

T/iei/ satisfy 








( 

1 

OJ 

0 


0 \ 

,_ 

= H, (i 






-1 


OJ — ' 

0 

0 


0 

MiHM. 

= 1 .5 . 


H 

= 











OJ — ] 

0 

\/~3 


0 


\—oj — 1 0 0 /=3 / 
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By Proposition 13.11 and Remark 13.41 the subspace spanned by solutions /J Di ijjsdt\dt 2 
and ff D ^'ijj£dtidt 2 is invariant under the monodromy representation. In fact, the top-left 
2x2 block matrices M' of Mi (i = 1,... ,5) act on this space. Note that M[ = M 2 , 


M a = Mg. Let G be the group generated by M[, 1 
to the triangle group [3, oo, oo], and is contained i 

[g e GL 2 (Z[cu]) I gH' 

By a matrix 



the Hermite matrix H' and circuit matrices 


3 and Mg. The group G is isomorphic 
. the unitary group 



Ml (i = 1, 3, 5) are transformed as 


PH' t P = N /=3 




5 


PM[P~ l = u 



PM^P - 1 


(i !)■ pMiP ~' 



Hence the projectivization of G is isomorphic to the congruence subgroup Ti(3) of SL 2 (Z) 
and the ratio ff n ip£dt\dt 2 / ff n ipedtidt 2 can be regarded as the map <Si in Theorem 14.11 
and as an element of the upper-half space. 


Appendix A. Restriction of the system E( 3,6; a) on a 3-dimensional 

STRATUM 


Let X 3 denote the stratum defined by x 2 = 0 and let us restrict the system E( 3, 6 ; a) 
to this stratum, which is the space of six lines such that the three lines {£ 1 ,^ 3 , meet 
at a point, and nothing further special occurs. This system is denoted by E( 3, 6 ; a)|A 3 or 
EX 3 . Little is known about this system. 

Before stating the proposition in this section, we briefly recall the Appell-Lauricclla’s 
system E^ (a, 6 l5 6 2 ,63, c; y\y\ y 3 ) : 

5i(S Pc- 1 )u - y l (Si + bi){5 + a)u = 0, 

y\$i + bi) 8 jU - y J (Sj + bj)SiU = 0 , 

where (y 1 , y 2 , y 3 ) are variables, and Si = y l d/dy l and S = 5i + S 2 + S 3 . This is a 3-variable 
version of the Appell’s E x . It admits solutions given by a power series 


F D (a,6i,6 2 ,&3,c;2/ 1 ,2/ 2 ,?/ 3 ) 


E 

ni,n2,ri3 


(a,wi2 3 )(6i,rai)(6 2 ,W2)(63,n 3 ) ^ il)n ^ W2 ^ W3 

(c,ni 23 )ni!n 2 !n 3 ! 


where ni 23 = n\ + n 2 + n 3 , and by an integral 

t a ~\ 1 - t) c ~ a -\l - ty 1 )~ bl (l - ty 2 )~ b \l - ty 3 )~ b 3 dt. 

The collection of solutions is denoted by S^\a, bi, b 2 , 63 , c; y 1 , y 2 , y 3 ) 

In this section, we prove the following proposition. 
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Proposition A.l. If a 2 + a 4 + a 5 = 1, then the system E(3, 6 ; a)|X 3 is reducible and has 

/■o\ /'o'\ 

a subsystem isomorphic to the Appell-Lauricella’s system E y D = E K D in 3 variables with 
4 free parameters. More precisely, the collection of the solutions of E(3, 6 ; a)|X 3 includes 


(1 - x 1 ) a2 S^ ^a 3 ,a 4 , 


1 — dg, (32) 1 + <3 3 — ( 35 ; X 3 , X 4 , 


X — X 

1 — X 1 


Note a 4 


+ (3g — 3. 


If we apply the proposition under the further restriction x 3 = 0, we find a subsystem 
isomorphic to Ei in E 2) which is equivalent to Proposition 1.1. 

We give three “proof” s: one using power series, one using integral representations, and 
one manipulating differential equations. 

A.l. Power series. It is known that the system E( 3, 6 ; a)|x 3 has a solution given by the 
series 

Fv („ n n n n ■ r) ■= V K) n i3)K> ri 4 )(a 2 , Wi)(a 3 , n 34 ) , 4 3 4 

rn,n ^ 4 =0 ( a 2 + a3 + a4 ’ ^ 134 )^ 1 ^ 3 ^ 4 ! 

where x = (x 1 , x 3 ,x 4 ) , n 43 = n 4 + n 3 , n 34 = n 3 + n 4 , n 434 = n 4 + n 3 + n 4 , a ' 5 = 1 — a 5 , a ' 6 = 
1 — a 6 ; refer to [MSY1 p.47]. A computation shows that the identity 

Fx 3 {a 2 ,a 3 ,a 4 ,a 5 ,a 6 -,x) = (1 - x 1 ) _a2 Fd > ( a 3 ,a 4 ,1 - a 6 ,a 2 ,1 + a 3 - a 5 ;x 3 ,x 4 , ^ ^ J 

holds if and only if a 2 + a 4 + a 5 = 1 . 

A.2. Integral representation. We manipulate the integral 

p ai -iq a 2-i r a 3-i^p _)_ q _)_ r ) a4_1 (p + x 4 g + x 3 r) as_1 (p + Xir) a6 ~ l dp A dq. 

The three lines 

: p — 0, I 3 : r = 0, £ 6 : p + x 4 r = 0 

meet at 0 : 1 : 0. Introduce new coordinate Q 
(p + x 3 )(p + 1)Q 


Q = 


D 


-, D \= xi(p+ 1) -p - x 3 - xi(p + 1)Q, 


which send q = 0, — p — 1, —to Q = 0,1, 00 . Since 

Xl 


, ,, (p + i)Y(g-i) , , (p + x 3 )n 

q + p+ 1 =-—-, x 1 q + p + x 3 = - 


dq = 


D 

(p + x 3 )(p + 1 )NdQ 

IT 2 


D 


+ *dp, N = (1 - xf)p + x 3 - xi, 


we have 

f = -[[p“'^Up + xi)(p + i)<3)}” _1 {(p + i)JV(Q - i)}"- 1 

x { — (p + x 3 )A} a5_1 (p + x 4 ) a6_1 (p + x 3 )(p + 1 )N ■ D l ~ a2Ab dp A dQ, 
where a 245 = a 2 + a 4 + a 5 . If 

a 245 = 1 (Note : {2,4, 5} = {1,..., 6 } - {1, 3, 6 }), 
then the double integral above becomes the product of the Beta integral 

[ Q a2 ~\Q - 1 Y^dQ 
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and the integral 


f p ai ~\p + l) a2+a4_1 (p + X 3 ) a2+a5_1 (p + X 4 ) a6 ” 1 {(l - X! )p + X 3 ~ Xi }“ 4 +“ 5 " 1 dp j 
which can be written as 

(i - xi)-“ 2 Jp a '-\p +1)- Q5 (p + x 3 )~ a *(p + X 4 ) a6_1 (p + Y^r 1 ) 2 

On the other hand, the integral 

Jpbi+b 2 +b 3 -c^p _ _ y 1 ) _6l (p — y 2 )~ b2 (p — uy 3 )~ bi dp 

solves E ( ff (a, b 4 , b 2 , b 3 , c; 7 / 1 , y 2 , i/ 3 ). By solving the system 
a 4 — 1 = b 4 + b 2 + b 3 — c, —a 5 = c — a — 1, —a 4 = & 4 , — 1 = b 2 , —a 2 = — fc 3 , 

we complete the proof of Proposition IA.1I 


A.3. System of differential equations. We manipulate the system EX 3 (given in 
[MSY, p.24]): 

( 9 + a 234 - l)9iw — x 1 (9i + 0 3 + 1 - a 5 )(0i + a 2 )w = 0, 

(0 + a 234 — 1)# 3 uj — x 3 (# 4 + 0 3 + 1 — 05 ) (9 3 + 0 4 + a 3 )u> = 0, 

( 9 + a 234 - l)9 4 w - x 4 (9 4 + 1 - a 6 )(9 3 + 9 4 + a 3 )u> = 0, 

x 3 ($i + 0 3 + 1 — a 3 )0 4 w — x 4 (9 4 + 1 — a§)0 3 w = 0, 

x l [9i + a 2 )0 3 w - x 3 {9 3 + 0 4 + a 3 )9 4 w = 0, 

where 9 4 = x 1 d/dx 1 , 9 3 = x 3 d/dx 3 , 9 4 = x 4 d/dx 4 , and 9 = 9\ + 0 3 + 0 4 , and the Appell- 
Lauricella system E = Ep\a, b 4 , b 2l b 3 , c; y 1 , y 2 , y 3 ). We show that the system E^ 1 is a 
subsystem of EX 3 when a 2 + a 4 + a 3 = 1. 

Change the unknown w of EX 3 into u by 

w = (1 — x 4 )~ p u, 

and the variables (a: 1 ,^ 3 ,^ 4 ) into ( x,y,z ) as 


x 


3 


— x 


1 


X = x 3 , 


4 

y = x, 


z = 


1 — X 1 
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Then EX 3 can be written as L,u = 0, 1 < i < 5, where 

l-z 


L\ I S X + fiy + 


1 — X 


5 Z + h + 0234 — 1 ) (f$z + h) 


x — z 


l-z 


S x + -- fi z + h + 1 — 05 ) (ffi z + h + 02 ), 

1 — x 


L'2 ( fi x + fi v + 


+ h + 0234 — 1 ) (fix + gSz) 


1-Z 
1 — X 

X ( fix + -- fiz + h + 1 — 05 ) (fix + fiy + gfi z + 03 ), 


1 — x 


L 3 ( fix + fiy + 


l-z 


8 Z -\- h -\- O234 — 1 ) fi. 


La X fix + 


1 — X 

y(fiy + 1 — Og) (fix + fiy + gfi z + 03), 

l-z 


1 — X 


fi z + h + 1 — 05 ) fiy — y(fi y + 1 — Oe) (fi x + gfi z ), 


Ln := 


x — z 


(f fiz + h + 02 ) (5 X + gfiz) — x(fi x + fiy + gfi z + a 3 )(ffi z + /i), 


where 


/ = 


(z — x)(l — z) 
z(l — x) 


9 = 


x(l — z) 
z(l — x) 


( 3 \ 

Write the system E D as E xy u = 0,..., E zz u = 0, where 

E xy ■■= fi xy - (b 2 yfi x - b 1 xfi y )/(x - y), 

E xz ■ fixz ( b 3 zfi x b\xfi z )/(x z) , 

Ey Z := fiyz - (b 3 zfiy - b 2 yfiz)/(v - z ), 

E xx ■ fixx T fi x y T fixz (((n T h)x *t 1 c)fix T b\x(fiy T fi z T o))/(l x), 

Eyy := fiyy + fi x y + fiy z ~ (((a + b 2 )y + 1 ~ c)Sy + b 2 y(fi x + fi Z + 0,)) / (1 ~ ?/), 

:= + fi xz + — (((a + b 3 )z + 1 — c)fi z + b 3 z(fi x + fiy + a))/(l — z). 

Eliminating the second derivatives in Lj by using E**, we see that Lj are linear combina¬ 

tion, over C(x, y, z), of the E^s if and only if 

02 + 04 + 05 = 1 , (fa c = o + b\ + 63 ) 

and 

p — cl 2 , a = a3, b\ = 04 , b 2 = 1 — 06 , b 3 = a 2 , c = 1 + 03 — 05 . 

This completes the proof of Proposition IA.11 

Remark: Actually we have, under the condition c = a + b 3 + b 3 , 

(Li, L 2 , L 5 ) E X Z 1 E Z z) 1 

IT T\-/F i--x){z-y) F F (X - z)(x - y) 

\-^3?-^4/ X^yy , w-, \^ J y z ’> ^yy /-i \ x^yxj' 


z( 1 - x)(l - y)‘ 


x(! -z)(l -y) 
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Appendix B. Families of curves of genus 2 

We encountered a family of curves C t of genus 2 given as triple covers of P 1 . This is 
the Case 3 in the following Proposition. 

Proposition B.l. A cyclic cover of P 1 branching at four points is of genus 2 only in 
three cases: 

Case 3 : 3 fold cover with indices 3, 3, 3, 3, 

Case 6 : 6 fold cover with indices 2 , 2 , 3, 3, 

Case 4 : 4 fold cover with indices 2 , 2 , 4, 4. 

Indeed, since the n fold cyclic cover C of P 1 branching at four points with indices 
has Euler characteristic 

4 

2n- 1), 

2=1 

if we assume the genus of C is two (Euler characteristic of C is — 2 ), we have 

A 1 2 

> t + - = 2 , l.c.m.(A t, ...,/c 4 ) = n; 
hi n 

i=1 

it is easy to see that only three cases above are possible. 

The three cases can be realized by the following families of curves: 


Case 3 : 

Cl 3 ’ : 

s 3 = 

s\i- s )(t- s y, 

t : parameter, 

Case 6 : 

Cf : 

s 6 = 

s\l-s) 4 (t-s)\ 

t : parameter, 

Case 4 : 

Cf : 

s 4 = 

s 2 (i-sn s - t ), 

t : parameter. 


Note that the double cover of the base space of Case 6 branching at the two points of 
index 2 is equivalent to Case 3. 


References 

[AK] Aomoto K. and Kita M., translated by K. Iohara, Theory of Hypergeometric Functions, 
Springer Verlag, Now York, 2011. 

[B] W. N. Bailey, Generalized Hypergeometric Series, Cambridge, 1935 

[Bod] E. Bod, Algebraicity of the Appell-Lauricella and Horn hypergeometric functions, J. Diff. 
Equations 252 (2012), 541-566. 

[C] K. Cho, A generalization of Kita and Noumi’s vanishing theorems of cohomology groups of 
local system, Nagoya Math. J., 147 (1997), 63-69. 

[MS] K. Mimachi and T. Sasaki, Irreducibility and reducibility of Lauricella’s system of differen¬ 
tial equations Ed and the Jordan-Pochhammer differential equation Ejp, Kyushu J. Math. 
66(2012), 61-87. 

[MSY] K. Matsumoto, T. Sasaki and M. Yoshida, The monodromy of the period map of a 4-parameter 
family of K3 surfaces and the hypergeometric function of type (3,6), Intern. J. Math. 3(1992), 
1-164. 

[MSTY] K. Matsumoto, T. Sasaki, N. Takayama and M. Yoshida, Monodromy of the hypergeometric 
differential equation of type (3,6), II The unitary reflection group of order 2 9 • 3^ -5-7, Annali 
della Scuola Normale Superiore di Pisa (4) 20 (1993), 617-631. 

[MT] K. Matsumoto and T. Terasoma, Period maps of reducible hypergeometric equations and 
mixed Hodge structures, in preparation. 

[MY] K. Matsumoto and M. Yoshida, Monodromy of Lauricella’s hypergeometric .Fa-system, Ann. 
Sc. Norm. Super. Pisa Cl. Sci. (5), 13 (2014), 551 577. 



SCHWARZ MAP OF REDUCIBLE E 2 


29 


[T] Takeuchi, K, Commensurability classes of arithmetic triangle groups, J. Fac. Sci. Univ. Tokyo 

Sect. IA Math. 24(1977), 201-212. 

[Yo] M. Yoshida, Hypergeometric Functions, My Love , Vieweg, 1997. 

Department of Mathematics, Hokkaido University, Sapporo 060-0810 Japan 
E-mail address: matsu@math.sci.hokudai.ac.jp 

Kobe University, Kobe 657-8501, Japan 
E-mail address: sasaki@math.kobe-u.ac.jp 

Department of Mathematics Tokyo University, Tokyo 153-8914 Japan 
E-mail address: terasoma@ms.u-tokyo.ac.jp 

Kyushu University, Fukuoka 819-0395, Japan 
E-mail address: myoshida@math.kyushu-u.ac.jp 


